Out of plane vibration of rotating disks limits their performances especially at certain critical speed. The critical speed of these disks may be affected by the presence of defects such as a circumferential crack. In this paper out of plane vibration of functionally graded (FG) rotating annular disks with a circumferential open crack is investigated. The cracked disk is modeled as two sub-disks, connected at the crack location by translational and rotational line springs, simulating the crack plate response to induced shear force and bending moment at the crack radius. These spring stiffness constants are obtained numerically using the finite element method (FEM) as a function of crack depth and radius. The rotational spring stiffness strongly depends on the disk rotation speed, while the stiffness of the translational spring is found to be independent of the disk speed. Both spring constants depend on the spatial distribution of the disk elastic modulus.
Introduction
Functionally graded materials are used to tailor mechanical [1] [2] [3] [4] , thermal [5] [6] [7] , or even electrical [8] [9] [10] properties to enhance the performance of engineering systems and devices. One application of FG materials is to reduce stress concentration and thus prevent premature failure in structures and systems during their service such as the rotating disks [11] used for computer data storage, circular saws, and turbo-machinery. In these applications FG materials can be used to reduce peak stresses and to create a more uniform stress field during their operation [12] .
The in-plane behavior of FG rotating disks has been investigated in some detail [13] [14] [15] [16] [17] [18] [19] [20] [21] . For instance, Horgan and Chan [13] studied the mechanical response of FG rotating disks under plane stress and plane strain conditions. They found that with the proper material distribution and modulus gradient, uniform radial and hoop stress distributions can be achieved. Dai and Dai [21] investigated the stress field in FG rotating disks with exponentially decaying angular velocity. Their results indicate that a uniform hoop stress can be achieved for certain FG disk. Bayat et al. [14, 15] developed a semi-analytical method to determine the stress fields in FG rotating disks made up of a material with temperaturedependent elastic properties. Asghari and Ghafoori [16] modified the two dimensional plane-stress solutions appropriate for a thin rotating FG disk into a semi-analytical three dimensional solution for rotating thick FG disks. Hassani et al. [17] analyzed rotating FG disks subjected to thermo-mechanical loading under different boundary conditions and compared the performance of different numerical techniques. Toussi and Farimani [18] , and Peng and Li [19] developed an integral equation method to study the effect of varying orthotropic material properties on the stress field in a FG rotating disk. Kadkhodayan and Golmakani [20] carried out a nonlinear bending analysis including the effect of shear deformation on the deformation of a FG rotating disk, studying the effects of parameters such as material gradient index, angular velocity and disk geometry.
In addition to in plane stress and deformation analysis of FG rotating disks, the transverse vibrations of un-cracked, homogenous, rotating disks have been studied extensively [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] . Pelech and Shapiro [23] studied the vibrations of a flexible disk rotating on a gas film next to a wall. Advani [24] developed an exact solution for nonlinear, flexural, asymmetric waves in a spinning thin disk. They concluded that for fixed ratios of wave amplitude to the angular velocity of the disk, stationary waves exist in which the radial displacements are always inward. Adams [25] investigated transverse vibration of rotating disks in the context of computer floppy disks and concluded that the inclusion of the elastic foundation stiffness can appreciably raise the critical speeds of the disk. Khorasany and Hutton [33] investigated the effects of rigid body motion on the transverse vibration of annular disks whose inner boundary was free to move in axial direction while the body was constrained with springs normal to the disk. They found that the translational degree of freedom does not induce any instability when interacting with forward or backward traveling wave in contrast to a reflected wave where certain conditions may result in instability.
The stability of rotating disks in contact with an out of plane stationary oscillating unit consisting of springs and dampers was studied by Boulahbal [26] and Young and Lin [30] who numerically showed the existence of extra flutter-type instabilities. Bauer and Eidel [32] developed a semi-analytical method to estimate the natural frequencies of the rotating disks for different boundary conditions. Baddour and Zu [31] demonstrated the possibility of internal resonance in rotating disks when in-plane inertia is included resulting in a nonlinear coupling between in-plane and transverse vibrations.
The dynamic response of rotating disks may also be affected by the presence of cracks. These cracks could be due to manufacturing or the operating environment. There are number of investigations aimed at understanding the effects of these cracks on the vibration characteristic and critical speed of these disks [34] [35] [36] [37] [38] [39] . Chen and Lin [34] developed a finite element model based on a modified Hamilton's principle to find the dynamic stress intensity factors for arbitrary shaped cracks in rotating disks considering crack tip singularities. Smith [35] developed boundary element methods to obtain arc crack stress intensity factors. Gregory [36] obtained exact solutions for the stress intensity factor and crack opening displacements in a homogenous linear elastic isotropic rotating disk with a radial edge crack under plane stress and plane strain conditions. Raveendra and Banerjee [37] analyzed stress field in rotating solids with an arbitrary crack using the boundary element method. Anifantis et al. [38] modeled a circumferential crack as a rotational spring in vibration analysis of an annular disk. They showed the reduction of natural frequencies due to the presence of the crack. Xu [39] proposed algorithms for calculating the Mode I and Mode II stress intensity factors for a concentric arc crack in a circular disk. It was found that the behavior of a concentric crack is quite different from that of a radial crack.
Bouboulas and Anifantis [40] investigated the vibration response of a homogenous, rotating disk with a radially or circumferentially oriented crack using the finite element method. For a disk with a circumferential arc crack, they concluded that the natural frequencies are independent of the circumferential crack's angle and the crack location. It was also found that the natural frequencies were very close to the corresponding values of the un-cracked rotating disk. Chen and Lin [23] investigated the stress intensities in conjunction with the natural frequencies for a rotating disk using a mixed-mode finite element method. For partial through arc cracks, they observed a significant difference between the natural frequencies of cracked and uncracked disks. Demir and Mermerta [41] developed a sector element based finite element method (FEM) to study the transverse vibration of rotating disks. They showed that the presence of a crack may increase the natural frequencies. These natural frequencies occur in the mode shapes where nodal diameters are zero. In addition to these studies, vibration of cracked rotors with a gear system have been investigated by Han and Chu [42] and Han et al. [43] . However these studied considered mounting disk as rigid and did not address the effects of the transverse vibration of the disk on the rotor dynamics. This paper is addressing the effects of the cracks on the out of plane dynamic response of FG rotating disk and its critical speed.
From the above discussion it is clear that in contrast to the inplane behavior of FG disks and the transverse vibration of regular un-cracked and cracked rotating disks, the transverse vibration of rotating FG disks is barely touched in the literature. To the best knowledge of authors, the only study, which investigated the transverse vibrations of the FG rotating disk, is that by Güven and Çelik [44] . They considered a disk with a varying modulus of elasticity in radial direction, applied the Rayleigh-Ritz method to solve the equations of motion, and showed that the variation of elastic modulus plays a significant role in disk vibrational behavior. 
As far as we know, there is no study on the transverse vibration and stability of a functionally graded rotating disk with a circumferential crack. Here, we investigated the vibration characteristics of a FG rotating disk with a circumferential crack. The FG disk was assumed to have a radially varying elastic modulus, a constant Poisson ratio, uniform mass density and thickness, and a constant damping (loss factor). For the transverse vibration of the disk, we first used a semi-analytical method to find the radial and hoop stresses in a FG annular rotating disk with fixed boundary conditions at its inner radius and free at its outer radius respectively. For vibration analysis, we replaced the cracked region of the disk with translational and rotational springs connecting two disk segments. The spring constants were obtained using ANSYS Finite element codes and using singular elements at the crack tip. The out of plane equations of motion of the rotating FG disk were developed by exploiting solution periodicity to transform the time dependent partial differential equation of motion into an ordinary differential equation in space. A finite difference scheme was then used to find the natural frequencies and mode shapes. For a proposed disk material properties the first critical speed was obtained by constructing the Campbell Diagram.
Modeling a circumferential crack in a functionally graded rotating disk
A circumferential crack in a disk results in a change in the local flexibility of the disk. The disk local flexibility at the crack location is obtained by modeling the crack as translational and rotational springs (line springs) connecting two disk regions (Fig. 1) .
The translational and rotational spring constants were obtained from an axisymmetric finite element analysis (ANSYS) by applying shear force and bending moment of unity per unit of circumference at the crack location as shown in Fig. 2 . Disk was considered to be functionally graded, rotating at an angular velocity of Ω; and its elastic modulus at a radial distance r from the disk center was given as
The disk material properties and its size used in this study are presented in Table 1 .
Linear and torsional spring constants were obtained from Mode II and Mode I crack opening displacement (Eqs. (2-a) and (2-b)).
Here w c ðrÞ þ , w c ðrÞ À , u c ðrÞ þ , and u c ðrÞ À are crack opening displacements at two sides of the crack in Mode II and Mode I due to shear force and bending moment. Disk rotation induces centrifugal forces in the plane of the disk, which may affect the disk local flexibility at the crack location. Fig. 3 shows the rotational stiffness decreases drastically with the disk speed, while the translational spring stiffness found to be independent of the disk speed.
Figs. 4 and 5 show rotational and translational spring constants as a function of crack location. The results show that for various functionally graded disks, the translational spring constant decreases with Poisson ratio (υ) 0.3 -Disk internal damping (η) 0.02 -increase in the crack location from the disk center, while the rotational spring constant exhibits opposite behavior. Fig. 6 shows the rotational and translational spring constants as a function of disk modulus of elasticity gradient, γ (Eq. (1)). The results show that for a disk with increasing elastic modulus from inner radius to the outer radius, both rotational and translational spring constant decrease with increasing modulus of elasticity gradient. However, for a disk with decreasing elastic modulus from inner radius to the outer radius the opposite behavior is observed. Computational analysis presented in this section show that K t is a function of (h c , r c , Ω, E). Specifically, it increases with increase in the crack location, r c , it decreases with increase in the crack depth, h c and Ω. On the other hand, it is found that K a is independent of Ω and is a function of (h c , r c , E). Specifically, it is a decreasing function of both h c and r c .
Radial and hoop stress
Since the transverse vibration of a rotating disk depends on the radial and hoop stresses [29] , these stresses in a functionally graded rotating disk should be obtained prior to a vibration analysis. A closed form solution for the radial and hoop stresses in a homogenous, elastic rotating disk is readily available in many classical mechanics books. Here we obtain these stresses in a functionally graded disk by dividing disk in to several annuli, considering these annuli as homogenous, and using elastic modulus at the location of each to obtain its deformation and stress field. Equilibrium and compatibility between each disk is then used to find the stresses in the disk. Fig. 7 shows the radial and hoop stresses for the disk with properties listed in Table 1 for various functionally graded rotating disks. The results show that for E i oE o , and γ ¼2, the hoop stress is almost uniform. This is in agreement with the results of Horgan [29] . 
Governing equations of motion
For a disk with internal damping ratio (loss factor) η, the general form for the out of plane equations of motion of a FG rotating disk in polar coordinate system (r, θ) can be presented as [29] ,
Here w(r, θ, t), is the out of plane displacement and B w ð Þ is a differential operator defined as
D=Dt is the convective derivative [30] defined in this case as
. The bending moments M r ðrÞ, M θ ðrÞ, and M rθ r ð Þ at the radial distance r are related to the disk deflection as
E r ð Þ is the elastic modulus of the disk at radial distance r from the disk center. It is notable that Eq. (3) was obtained based on the assumption of small deflections. This assumption enables us to first solve for the in-plane stresses σ r ðrÞ and σ θ r ð Þ separately and then insert them into the equations of motion. The transverse shear force at distance r from the disk center in a FG rotating disk can be also presented as
The natural frequencies, mode shapes, and critical speed of the FG rotating disk with a circumferential crack is obtained by considering disk as two annular disks connected at the crack radius, r c , by translational and rotational springs, as shown in Fig. 1 . The inner disk is numbered 1, and the outer is numbered 2. The boundary conditions at the fixed inner radius of disk are vanishing displacement and slope, For the free outer edge of disk2, the free vibration boundary conditions require vanishing bending moment and shear force,
The boundary condition at the crack location can be presented as,
Free vibration solutions of functionally graded rotating disk
Since we are interested in harmonic wave solutions, the transverse displacement, w, of the rotating disk is assumed to be in the form, w r; θ; t 
where
and
Finite difference scheme
A numerical scheme based on finite differences was developed by dividing the radius into a uniform grid of N points equally spaced through length ðb À aÞ as shown in Fig. 8 in order to find the eigen-values and eigen-vectors. In this study, 44 grid points were found to be sufficient for finding these for an un-cracked disk and 100 points for the cracked disk since discontinuity across the crack location required a denser grid.
Eq. (10) can be re-cast into the following finite difference form:
where the coefficients B i are related to the coefficients A i by 
The eigenvalues were evaluated computationally by setting
The
components of mass matrix [M], damping matrix, [D þΩG]
and stiffness matrix [K þΩC þ Ω 2 E] are related to A i and the finite difference grid size h. The solution of the eigenvalue problem requires rearranging it into a first order problem as follows [26] : 00
Results and discussions
Critical speeds were first obtained for the un-cracked and cracked rotating FG disks with different exponents in the power law for elastic modulus distribution. The disk material Properties and geometry for this analysis are presented in Table 1 . The disk material elastic modulus power law functions were divided into two groups by whether the elastic modulus increases or decreases from the inner to the outer radius. The critical speed is recognized when the natural frequency goes to zero. At this speed, the disk has zero effective bending rigidity and cannot bear any transverse load. The real part of the eigenvalue identifies whether disk is stable or unstable. To validate our code and our analysis, we applied the disk data from Khorasany and Hutton [33] for a homogenous un-cracked disk, and obtained the non-dimensional critical speeds. Our results were in agreement to those obtained in [33] , as depicted in Fig. 9 . The first six critical speeds values using material and disk geometry from [33] are tabulated in Table  2 . The mode shapes are denotes by (m, n) in which m indicates number of nodal circles and n indicates number of nodal diameters. In Fig. 9 "b" and "f" after (m, n) indicates whether the motion is "backward" or "forward". Critical speeds always occur in backward modes [26] . For the disk material properties and geometry shown in Table 1 , the first critical speed of the FG rotating disk is obtained by constructing the Campbell diagram (Fig. 10 ). 48.50 rpm, respectively. These values are significantly higher than those for homogenous disk. The critical speed for mode shapes (0, 2) and (0, 3) for homogenous disk with E¼ 1.47 Â 10 8 were 17.7 rpm and 22.9 rpm, respectively. The results also show the critical speeds are higher for FG disks with elastic modulus increasing from inner radius to outer radius. Table 3 shows the critical speeds for several mode shapes of the functionally graded disk and compares these results to homogenous disks (E ¼1.47 Â 10 8 Pa, and E ¼5.47 Â 10 8 Pa). The results indicate that FG disks have higher critical speed compared to their homogenous counterparts. This indicate FG disk can be operated at higher speed. The results ( Fig. 10 and Table 3 ) also show that the critical speed is significantly higher for disks with increasing elastic modulus from inner radius to the outer radius, than for the disk with decreasing elastic modulus from inner radius to the outer radius. The results also indicate that homogenous disks with higher elastic modulus have higher critical speeds. Furthermore for disks with increasing elastic modulus from inner radius to the outer radius, the critical speed may be less sensitive to the gradient index (γ, Table 3 ), indicating that the critical speeds strongly depends on the outer radius elastic modulus. In contrast, the critical speed of disks with decreasing elastic modulus from inner radius to the outer radius strongly depends on the gradient index. The effects of the crack depth and crack radial location on the first critical speed of the FG disk show that the critical speed decreases with the crack approaching the inner radius and increasing depth. This behavior was more pronounced for the functionally graded disk with decreasing elastic modulus from the inner radius to the outer (Fig. 11) .
It is well-known that the presence of a crack in a structure may change its natural frequencies as well its mode shapes [38] [39] . The changes in natural frequencies and mode shapes are often used to predict the presence of crack and its location. Fig. 12 shows mode shape (0, 2) for un-cracked FG disks. This mode shape corresponds to the lowest critical speed. The results show that the first mode shape in FG disk with no crack has little sensitivity to the elastic modulus distribution in the disk. For this mode shape, maximum transverse displacement is located at the outer edge of the disk. Furthermore, the results show that mode shapes are not significantly altered by the presence of the crack (Fig. 13) . Figs. 13 and 14 show the mode shape (0, 2) for the functionally graded disk and geometry used in this paper with the crack at various radial distance at crack depth of half disk thickness.
The results also show that although mode shape exhibits little sensitivity to the presence of a crack, its discontinuity at the crack location can be used to identify presence of the crack. This discontinuity is more pronounced for a disk with high elastic modulus at its inner radius.
Conclusions
The effect of a circumferential crack on the transverse vibrations of a rotating FG disk was investigated. The Young's modulus was varied as power function of the radial coordinate. The other material properties were assumed to be constants. The crack was modeled as a translational and rotational spring connecting two annular disk. The stiffness values for springs were determined from finite element analysis employing singular elements at the crack tip. These spring constants were found to be a function of the crack's depth, location and disk speed. The critical speed of the FG disk with and without a crack was obtained by constructing Campbell diagram. The results show that the critical speed in FG disk is higher than that of its homogenous counterpart. The critical speed is greater for disks with increasing elastic modulus from inner radius to the outer radius. Thus disk can be operated at higher speed. For this case, the hoop stress is also more uniform in the disk. These results indicate that it is more desirable to manufacture FG disk with increasing elastic modulus from inner radius to the outer radius. The results also show the critical speed of the disk reduces by the presence of a crack in the disk. The critical speed reduction was a function of both the crack depth and the crack location. The results also show that irrespective of the radial distribution of the modulus of elasticity, increasing the crack depth or decreasing the crack distance from disk inner edge decreases the disk critical speed. The mode shape of a FG disk is not significantly altered by the gradient index (exponent of modulus elasticity distribution function). However, the presence of a crack could be identified by the discontinuity in the mode shape. 
